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INTRODUCTION

Cluster sampling is widely used in sample surveys. More often
the procedure is used because the list of individual elements in the
population for sampling purposes is not readily available and prepa-
ration of such a list is costly and time-consuming. However, list of
such elements may be available in natural groups which we call
clusters ; therefore it becomes convenient and economical to use such
a list as sampling units. Sometimes, even though the list of indivi-
- dual elements is available clusters of elements are formed and adopted
as sampling units for cost and efficiency considerations. In the latter
case the available procedures for formation of clusters can be divided
in two categories viz.,, (i) clustering before sampling (CBS) and (i7)
clustering after sampling (CAS). The procedures mentioned by
Sethi [5] and Sukhatme & Sukhatme [11] and adopted by Jessen [2]
and Asthana [1] belong to the first one and those adopted by Maha-
lanobis [3], Panse et al [4]; Singh, Murty and Goel [6] and Singh,
Rajagopalan and Maini [7] fall in the second category. The clusters
formed by procedures of Sethi and Sukhatme may statistically be
more or equally efficient as compared to individual elements but
may not be economical or operationally convenient. The procedure
of cluster formation indicated by Jessen and Asthana though likely
to be economical and operationally convenient may not be efficient.
The theory relating to CAS procedures has not been investigated and
the various authors using these procedures analysed their data
assuming that the elements of the selected clusters were a random
sample from the population. In this paper the problem of formation
of clusters has been discussed in detail and an attempt has been

made to study the efficiency of various procedures of forming
clusters.
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2, THE PROBLEMS INVOLVED iN CLUSTER FORMATION

Before clusters are formed the following questions will have to
be considered : —

(i) Whether clustering before sampling (CBS) or clustering
after sampling (CAS) would be used ?

(i) Whether clusters would be equal or unequal ?
(iii) What would be the size of the clusters ?
(iv) How the clusters would be actually formed ?

When the population is large and the cluster size is proposed
to be small grouping of elements into clusters before sampling (CBS)
will involve considerable cost and efforts since this will involve
identification of each element and tagging it to one and only one
cluster. Alternatively clustering after sampling (CAS), in which
first n elements of the (» being the sample size in terms of clusters).
will be selected from the population and with each of these M-1
more elements of the population will be suitably clubbed to form n
clusters of size M, will be cheap and convenient. The initial sample
of n elements may be selected with equal or unequal probabilities
with or without replacement. Such a procedure, however, is likely
to give unknown probabilities of inclusion in the sample to different
units and thus will introduce complications in estimating the
population mean. If these complications can be overcome CAS
would be preferable to CBS.

Clusters of unequal sizes are not to be preferred because apart
from causing complications in calculations, such a scheme also intro-
duces uncertainties in planning the cost and variance of the sample
on account of the sample size being a random variable. Unless the
sizes of such clusters are known in advance it may also result in
unequal distribution of work load among the field workers.

The question of choice of size of clusiers from the point of
view of cfficiency has been studied by several authors in the case of
natural clusters. When the clusters have to be formed artificially
there is no unique criterion available for formation of clusters. In
this case, therefore, the determination of the optimum size of the
clusters will depend upon the composition of clusters and therefore,
on the criterion for forming clusters. The relationship between
variability within clusters and the cluster size suggested by Fairfield
Smith (1938), Mahalanobis [3] and Jessen [2] may not hold good for
such clusters.

As is well known, a criterion for forming clusters should be
such that the variability within clusters is as large as possible and
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that belween clusters as small as possible. A criterion for forming
clusters inter-alia depends upon the nature of the population, the
size and shape of the elements, the number of elements in the
population and the type of association between elements of the
population etc. The population with which we are dealing may be
a file of cards or unit areas in a field or villages in a district or
tehsils/talukas in a State. In a population of cards in a file the
formation of clusters may be a trivial matter whereas in a population
of villages or tehsils/talukas it may involve considerable difficulty.

Moreover, a good criterion of forming clusters should be
objective, simple and convenient. The average travel cost between
elements of a cluster should be very small as compared to the average
travel cost between clusters. It is not essential that the clusters formed
according to a given criterion should be nom-overlapping. If a
criterion determines overlapping clusters it should be considered good
provided suitable estimates of the population mean or total can be
obtained from a sample of such clusters.

3. OVERLAPPING AND NON-OVERLAPPING CLUSTERS

Suppose there is a population containing N elements (E;, E,,...,
Epy) and the list of these elements is available. 1f cluster size is M we
can form at the most NcM distinct groups and all of them may not
be really clusters in ‘the sense that elements of a cluster should
necessarily be closely located or associated so that the average travel
cost between them is very small as compared to the average travel
cost between clusters.  Further all of them will not- be non-overiap-
ping. Every element will occur in (N _I)C(M-n clusters. If we want
* that the clusters formed are all non-overlapping we can form only N’
clusters. where N is such that,

N .
L Z M¢==N
i=1 .
where M, is the number of elements in the ‘i’ih élustef. If all the
clusters are equal and contain M elements each then N’ will be equal

NI
"N .
to R Whenever 2 M;>N, all the N’ clusters. will not be non-
i=1

overlapping and some of them will have one or more elements in
common. '

~
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4. PROBABILITIES OF INCLUSION IN THE SAMPLB OF DIFFERENT
ELEMENTS '

The probability of selection/inclusion in the sample of every
element of a cluster is the same as the probability of selection/
inclusion in the sample of the cluster to which it belongs, provided,
of course, the clusters are non-overlapping. When the clusters are
overlapping this need not be so. Suppose the element E; belongs to
Vi (Vi>1) clusters. Then E; will be selected whenever any of theseV;
clusters is'selected. Suppose there are in all N’ overlapping clusters
in the population consisting of N elements. If these are selected
with equal probability the element E; will have a relative probability

% of being selected rather than 1/N', which would have been the

case had the N’ clusters been non-overlapping. If the sample
consists of ‘n’ clusters then the probability of inclusion of E; in the
sample will be proportional to L;’,— rather than %
the probabilities of selection of N’ clusters are o, Oy, ..., &n’ then the

probability of selection of E; at any draw will be

E w=p; i=1, 2, .. N
sIE,

If the sampling is carried out with replacement then the proba-
bility that E; will get included in a sample of 7 clusters will be
1—(1—py)" If the sampling is carried out without replacement then
the probability of E; being included in a sample of n clusters will be

II'; = $iey, t,...... , UN’y 1)
In overlapping clusters, therefore, when the mean or total of the
population is estimated on the basis of the probabilities of selection

. of the clusters bias enters the estimate which may not be always
trivial.

5. EXAMPLES OF OVERLAPPING CLUSTERS

(¥) The grid sampling or method of selection of a plot of given
shape and size in a field for estimation of crop yield is a well known
example of overlapping clusters. A unit area (basic cell) is first
located at random and then a given number of adjoining cells are
combined with it according to .a predetermined rule, This method
is known to give higher probabilities of selection to central
- areas as compared to border areas, Sukhatme [11]. A plotcan be
regarded as a cluster of unit areas. It can easily be seen that
certain basic cells will belong to only a single plot. Others will
belong to two or more plots.

Similarly if
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(i) Suppose the sampling unit in a survery is a cluster of M
households and the clusters are selected as follows. A list of all
the houscholds in a village is prepared in the order of their location
starting from one end. Let the list be H;, Hj,...... , Hy. A house-
hold is selected at random from this list and with this are combined
(M—1) more households in theincreasing serial order so that we
assume that we cannot go backward. If the randomly selected
household is H; then the cluster selected will be H;, Hi+y,e-eo s
Hitm—1. Obviously the first M—1 and the last M—1 households
will get a smaller chance of selection than the remaining N —2M+2
households. Thus H; and Hy will belong to one cluster each, Hs and
Hn_, will belong to two clusters each and so on. The households
Hy to Hy_my, will each belong to M clusters. Here it is also
assumed that households in the beginning and those at the end in
the list cannot together form clusters and last (M ~1) households or
less will not be considered for formation of clusters because for such -
clusters the size of the cluster will be less than M. Thus the relative
probabilities of selection of various households will be

P(Ht)=m— IigK<M-—1
M R
H1—t

=N—MT1 N-MJ$2 i< N

(i) Suppose a cluster of M villages is the sampling unit, all
the villages in the district being the elements of the population and
the clusters are selected as follows. A village is first selected from
the list of villages in a directory (District Census Handbook) with
equal probability and without replacement. After locating the
selected village M —1 more adjacent villages are combined with it
to form a cluster of M villages. In this case also every village will not
belong to the same number of such clusters.

In the above examples, formation of clusters has been suggested
with reference to each element of the population. It is not necessary
that such clusters should be always formed in this way. However,
it is a convenient way and ensures that requirements of probability
sampling are satisfied.

Household surveys with multiplicity, Sirken [8], [9] and Sirken
and Levy [10] in which sample households report information about
their own residents as well as about other persons who live elsewhere
also provide examples of overlapping of clusters. However, with a
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view to avoid respomse errors which might creep in such studies it
. is envisaged here that information about amy one element in the
sample would be obtained from itself and not trom any associated
element. '

6. CAS—NON-REPEATING ELEMENTS

The procedure of formation of clusters in the above examples
gives rise to overlapping clusters and if more than one cluster
are selected in the sample, some elemenis may be repeated. Thus
this procedure will be similar to sampling with replacement and may
therefore be less efficient. CAS may also be done as-follows. After
selecting one cluster the second may be formed out of the remaining
N—M elements and so or. In this way we can select as many
clusters as we want and the clusters  so selected will be mutually
non-overlapping. The sample -of clusters of households given in
example 5(ii) on page 57 can also be selected using this scheme. This
scheme calls for defining of clusters at each draw and is thus time
consuming and onerous. Therefore this procedure is not considered
in the discussions to follow. On the other hand when the number
of elements in the population is large and only a few clusters (cluster
size also being small) are to be selected the probability of repeating
of an element in the sample of overlapping clusters will be small
and there may not be much loss of efficiency.

7. CBS AND CAS SYSTEMS

Now we shali study the CBS and CAS systems of clustering
with reference to the population E,, E;...... » En.

System [—CBS :—Without loss of generality the clusters may
be formed as follows :

C1 . El: Ez, ...... s EM

Cy : EMaiq, Errgye.-... Egn

Cn—1 Egw_pymi1, Ev_ym4a,., Ewn-nm
Cn B+, Ev—nMae,......, EN

one of th'e following two situations may exist

() N=NMand (i) N=(N'—-1)M+M'
In the first situation all the N’ clusters will be equal, while in the
other, the ‘N"th cluster will have M'(1 < M’ < M) elements and
others will have M clements.
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This procedure will be simple, objective and convenient provid-
ed the starting point can be chosen objectively ; the list of elements
in their natural order is available or can be prepared easily and the
size of the population in relation to the size of the cluster is
not very large. When these conditions are not satisfied this proce-
dure will become cumbersome. The .clusters formed according to
this criterion will be non-overlapping and the average travel cost
between eclements within clusters will be small as compared to
average travel cost between clusters.- A sample of n clusters can now
be selected out of the N’ clusters using a probability sampling
scheme. ' :

System—I1. CAS :— Here we will confine ourselves to the
criteria of forming clusters with reference to each element of the
population. Suppose we have selected a sample of n elements
using a certain probability sampling scheme. With each of these
elements we want to form clusters according to a certain criterion.
In the case of CBS system we formed clusters on the basis of
geographical proximity by combining next M—1 adjacent elements
in the list. In this case the element selected at random, say E;, is
surrounded by other elements of the population on all sides and all
of them will be adjacent to it. So the question arises which elements
and how many of them should be combined with it to form a cluster.
In other words, we are faced with ‘the ':proble,m of choice of a
criterion for forming clusters.

Distance criterion ,

One of the considerations in the choice of a. criterion is that
the average distance between elements of a cluster should be less
than the average distance between clusters. If dy, and d» denote the
average distance between elements within clusters afid that between
clusters tespectively then d,/d, should be small. The values of this
ratio lie between 0 and 1. When the cluster size is of 1 element the
value of this ratio is zero. .When the- cluster size is N the value of
this ratio is 1. If we choose a.value of this ratio, say a,, and combine
with E; all elements E; which satisfy the following inequality

' dy; €9, (a5)" - 0<a <)

where d;; is the distance bétweep E;and E;, to form' a cluster with
E, this will be an objective criterion to form clusters. According to
this criterion all elements which are at a distance 3, or less from the
randomly selected element will form a cluster with it. The value of
3, will depend upon the value of g, chosen. Thus if we apply this
criterion to all the N elements of the population -we will have the
following N clusters of CAS type. :
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El 3 Ell EIZ""EIMI
Eg E E21 Eggu.-EgMg

Ev i Ewny Ewp..Enm,

In the above notation E,, Eg, ., En the elements of the
population have been re-labelled as E,,, E,,, Esq, ---, Ev.  Also the
elements E;; (i=1, ..., N; j=2, ...,- M;) are subgroups of elements
from the original population suitably re-labelled. In an actual survey
all the above N clusters need not be formed and the ‘> C4S clusters
that will be formed will be a random sample out of the “above
mentioned ‘N’ clusters.

It may be noted that the distance criterion is simple, convenient
and objective. The avérage travel cost between elements within
clusters will be small in relation to average travel cost between
clusters. However, the clusters, formed according to this criterion
will be unequal in general and further they will be overlapping. Such
clusters will be large or small according as the value of a, chosen is
large or small. It can be 'easily verified that the clusters formed
according to this criterion have a special property i.e. if E ; comprises
M; elements of the population then E; is assocmted with M, clusters
also. In other words

M;=V;

for clusters formed according to this criterion,

8. SAMPLING WITH EQUAL PROBABILITY AND WITHOUT REPLACEMENT—
ESTIMATES OF THE POPULATION MEAN AND THEIR VARIANCES

() System I(CBS): We have seen that in this system of
sampling the N’ clusters which can be formed out of N elements are
non-overlapping and therefore the procedures for obtaining the esti-
mates of population mean and their variances from a sample of »
such clusters, which may be equal or unequal, available in the
standard texts on sampling can be adopted and it does not seem to
be necessary to discuss them here. For all practical purposes we
may assume such clusters to be equal and estimate the population
mean by ’

n . . M
= 1 z - - 1
yl'——n— Yi. where Yi. A = ME_}’;;
i i=1
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Its variance will be given by

NI
Y @~
Viyr) = (L - i) S'(1) where S (==L
. n N/ b 5 N/ - 1

(i) System II (CAS) : It has been seen that the clusters formed
according to this system will be overlapping. It was pointed in sec-
tion 4 that if the population mean/total is estimated on the basis of
the probabilities of selection of the clusters bias enters the estimate.
Therefore, there can be two alternatives viz. (i) to study the nature
of this bias and if this bias is small then to obtain the estimates and
their variances using the usual procedures for non-overlapping
clusters and (ii) to obtain the probabilities of inclusion for each of
the different elements selected in the sample and, then obtain the
unbiased estimates and their variances corresponding to the scheme
of varying/probabilities without replacement,

In the general case when the clusters are unequal the following
notation may be adopted :

S. No. of Cluster Values of elements Cluster Cluster

cluster size of the clusters Mean Total
1 M, Yu Viz- V1M, ¥ Y1
2 M, Yol YozeerVaM, Y- Ya
N My YNy YNy YNMy yn. YN

Here y;,=y; (i=1, 2, ..., N). The following two estimates can be
considered

n
- n A M; ¥
@) y =} T and @) Y=
S: M,-

i
It may be mentioned that since M;'s are known only for the n
clusters in the sample after these have been selected and

N .
— 1
(=~ L)
i=1
is not known and therefore we cannot use the estimate

- n
n—]t__lZ—ZMi Yi.
i
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Similarly we cannot use Sampford’s (1962) method which requires
the knowledge of M,’s before selecting the sample. It can be easily
seen that

| N N
—_— _ == — ]
E(y)=WZyz~- = yn-. ¢y~=WZ}u
i=1 i=1
B = = _ 1
(¥)=yn. —gn ﬁ(cvy--oMJ,)
N N
Y M~ M)Fe.—yw.), L Vi=P) (ri— Gm)
where o= 0,, = =1
N W N
M.S.E. () =W(») + (B
N
= 1 2 2 =
where V(y)=(%——ﬁ)Sb and S,,':N_I—T Z(gi.— yn)?
i=1

Relative bias in y can be written as

RB. () =4¢y CoC, —oprsc = B(I) + B(I)

MInN
Cy, Cm and C, are coefficients of variation of ¥, M and y respectively.
pyy and ppsy are the coefficients of correlation between the pairs v, y
and M, ¥ respectively. Relative bias is the difference of the compo-
nents B(I) and B(II). Their signs may be opposite and in that case
the two will add up. If two are equal the relative bias will be zero.,

In B(I) there are three factors i.e. ey Cv and Cy out of which

the last one is a population constant and does not depend upon the
criterion of clustering. If a criterion can ensure that each element
is associated with the same number of clusters C, and so also Puy
will be zero and thus B(I) will be zero. If the criterion is such that
the values of V" do not vary much C, and p,, are expected to be
very small and thus for populations with small or moderate variation
in the values of y the net value of the component B(I) will be very
small.

Similarly if the criterion of clustering is such that all clusters
are equal, C» and pps; will be both zeros and hence B(II) will be
zero. If the criterion is such that the variation in cluster sizes is
very small so that Cux and epmy are very small, the value of B(II)
will not be appreciable. Further if the eriterion of clustering is such
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that cluster means/totals are equal so that oy is zero even then B(II)
will be zero. Thus we see that the relative bias in § will depend
upon the criterion of clustering and by suitable choice of the
criterion this relative bias can be made zero or very small.

Generally in practice we may be using only such criteria for
which the values of the various quantities involved in the expression
of relative bias will be very small, say C, and Cum between 0.1 and
0.3., pyy and eMy between —0.2 to 0.2, oF/yv between 20 to 30 per

cent. Within these ranges of values in populations with small or
moderate variability it can be easily seen that the relative bias will
not exceed 7.2 per cent and in most cases 1t will be less than 1 or 2
per cent in either direction.

Now we will consider the estimate 7. This, being a ratio type
estimate, is evidently biased. Its bias will be given by

I

=, = - o Cov (y N MN)
BF) = EF)—a=—t— ———"
@) = EF')—9n M M

To the first degree of approxunatlon thus, the bxas in ﬂ can be
written as

where My="-

vy N—
B(y )= = ln)n( — oMy CM CMy)yN
‘And therefore the relative bias will be glven by

- N-— ) o
R.B. (y )=p]’y C‘D Cv (N f)n (C PM,My Cu CMy)

= B(I) + B'(Il

where B(I) is the same as was before and B’(II) is approxxmately
equal to (C*m —ep, My CM Cuif)n

For large values of a, B(II) will be negligible and thus R.B. ()
will be approximately of the same order as B(/). But for small values
of n the component B'(II) may be appreciable and thus the overall
relative bias; may also become appreciable. In particular compo-
nent B(II) or B'(II) will vanish if all the clusters are of equal size and
in that case the range of values of relative bias will become further
parrow and CAS procedure may be used in populatlon with small or
‘moderate variability without any hesitation.

9. .EFF:CIEN‘CY ofF CAS IN RELA’I_‘ION 10 CBS

The absolute efficiency (or the efficiency fora fixed sample size) of
cluster sampling in most natural populations is known to be low in rela-
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tion to the sampling of elements. This applies to both CAS and CBS.
We shall compare the efficiencies of CAS and CBS procedures in the

general case when the clusters are‘unequal. The expected value of
n

the sample size in CAS clusters z‘.e.z M; will be equal to n M. We

. 7
will consider the estimate based on the mean of the cluster means

ie. 7for the n clusters of CAS type. The _efficiency of 3:)1 will be
given by

G-w) s o
(5= st +e6y" ]
S; ()
s +n(B5) |

E=

Sy () and S} are expected to be of the same order and therefore

when the sample size as also the bias are small the two procedures
will be more or less equally efficient. In case, however, » and or

B(?) is large the efficiency ‘of CAS may be low in relation to CBS.
Further in case some trend is present in the value of the variable
under study in a particular direction and order of listing coincides

with that direction S7, may be much less than, S,,2 () and CAS may
be more efficient than CBS.

Cluster sampling procedure is preferred to sampling of elements
in practice on account of convenience and its low cost. In other
words this procedure is more efficient when the cost of the survey is
fixed and the cost on travel is high. In the case of natural clusters
the cost function that is usually considered is

C=ceinM-cod
where d is the total distance between # clusters and the distance

between elements within clusters are neglected, c, is the cost of enu-
meration per element and ¢, is the cost of travel per unit distance.

In the cluster sampling procedures where clusters are to be
formed artificially one more component of cost i.e. cost of formation
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of clusters becomes relevant. Further when the elements are spread
up and distances between clements within clusters are also large the
cost of travel between elements within clusters will also have to
be taken into account. Therefore the cost function appropriate to

CBS will be
C=cnM+cy(d+d’) + 3N

n

and appropriate to CAS will be C=clz M;+e¢, (d+d’)+cgn where

is the total distance between n clusters d’ is the total distance between
elements within clusters in the sample and ¢; is the cost of formation
of a cluster. Suppose the total amount available for the survey is
C, and with this amount cither we can have n clusters of size M of
the CBS type or we can have n* clusters of expected size M of the
CAS type. In CBS type clusters the cost component C;N' will be
much larger than the corresponding component Cyn in CAS type
clusters and therefore n* will be much larger thann. Then the cost
efficiency of CAS as compared to CBS can be written as:

n¥(N—n)S; (I)
v E(Co) =2 —
o (V=S § +Ne* (B ]

n* S; (I)

- n[ S* +-n*{Bias (ﬁ}zj

For small values of bias (7), n and n*, E(Cy) is expected to be
more than 1 and thus CAS procedure will be more efficient than CBS
procedure. In case the bias is large and/or sample size is also large

E(C,) may be low.

10. ESTIMATION OF VARIANCE AND Bias
For the system CBS estimate of variance can be obtained as
usual. It can be easily proved that for system CAS an unbiased

estimate of V(T/:) will be

2
sb

5-(-%)
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G

2 H
where s, =

b n—1

Similarly an unbiased estimate of the bjas (; will be

A=
B(y)=y-5,
n n
— 1 1
where Vn== 72 Vi = 72 v,
i i

11. A DEeviCce FOR AVOIDING Bias

It can be seen from seetion 8 that even if the clusters are equal

the bias in ——J_):will not be zero. The bias in 3)_: will be zero if in addi-
tion to Ms, Vs are also equal 7.e. if each element belongs to the
same number of clusters. Now we will define a criterion for CAS

by which bias in }T—-can be avoided.

Circular listing of elements: Suppose the list of elements in the
population is prepared not by starting from one end but by starting
from somewhere in the middle in a circular order so that elements
1to M—1and (N—M-+1) to N are located in adjacent positions
and are eligible to form clusters of size M. If we select a sample of
n elements with equal probability andj without replacement and
combine with each one of these (M—1) more elements in increasing
or decreasing serial order we will have 7 clusters of M elements each
of the CAS type. For these clusters it can be easily verified that
size of association. of every element will be equal to M. Thus we
will have

M=M= ..=>My=M
and VieV,=..=Vv=M
For this criterion of CAS i will be an unbiased estimate of

gn. This procedure may be called circular CAS. The probability
of inclusion of every element in the sample of # clusters of this

type, will be EJAVJ— which is proportional to ]lv—‘,the probability of

selection of various elements before clustering. Thus, although the
clusters formed by this method of CAS are overlapping these can be
regarded as non-overlapping for practical purposes.
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Efficiency of circular CAS : 1f the list of elements in a circular
order is availablefor can be prepared without much difficulty the
cost efficiency of circular CAS will be more as compared to CBS.
Otherwise the two procedures will be more or less equally efficient.
The absolute efficiency of the circular CAS will, however, be of the

same order as that of CBS.

12. SUMMARY AND CONCLUSIONS

In some situations although the list of elements (and not of
clusters) in a population is available cluster sampling is used in
surveys for the sake of convenjence or economy and the clusters
have to be formed artificially. The available procedures for cluster
formation are of two categories, (i) clustering before sampling (CBS)
in which N’ non-overlapping clusters of M elements each are first
formed from N elements of the population and then a random
sample of n clusters is selected and (if) clustering after sampling
(CAS) in which first a random sample of n elements is selected from
the population and then clusters are formed with each of these n
elements according to some suitable criterion and these n clusters
constitute the sample. When the population is large and cluster
size is small CAS will be much more cheap and convenient as com-
pared to CBS. But clusters formed by CAS procedure are oves-
lapping and therefore the estimate of population mean based on
the mean of means of such . clusters is biased. An algebraic expres-
sion has been obtained for this bias and its nature has also been
investigated. In populations with small or moderate variability
CAS may be used with advantage over CBS for small samples. A
criterion has also been suggested for CAS by which bias can be
completely avoided.
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